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HEAT EXCHANGE BETWEEN A SELECTIVELY 

EMITTING LIQUID AND A LAMINAR GAS FLOW 

IN THE PRESENCE OF AN EXTERNAL SOURCE 

OF RADIATION 

N. A. Rubtsov and A. M. Shvartsburg UDC 536.24 

An investigation is conducted in the solution of a number of practical problems of the radiative 
and combined heat exchange in nonuniform systems having widely different physical properties. 
The processes of thermal interaction between the ocean and the atmosphere have been treated 
in the paper [i], the effect of thermal radiation on the melting and solidification of semitrans- 
parent crystals has been investigated in [2], the flow of a selectively emitting gas around the 
lateral surface of an object evaporating under the action of radiative heating has been discussed 
in [3], and heat transfer from a jet to the molten mass of glass in a glassmaking furnace tank 
has been investig~ated in [4]. The radiative and combined heat exchange between a selectively 
emitting liquid and a transparent heat-conducting laminar gas flow in the case of a specified 
external thermal radiation field is discussed in this paper. The energy conservation equations 
are set up taking into account the heat transfer by radiation, convection, and molecular thermal 

conduction. A differential approximation is used in calculating the values of the radiation fluxes. 
A system of fundamental computational equations is solved by the method of finite differences 
and iterations and by the Runge-Kutta method. The results of the calculations are presented 
in the form of graphs. 

C O N V E N T I O N A L  N O T A T I O N  

Be =dpcp/g (T0-Tm)3 is the Boltzmann number; Iw =or ( T o - T m ) 3 a / ~ .  is the Ivanov number; Bux= ~xa is 
the Bouguer number; R e = d a / v  is the Reynolds number; Bi= o ~ a / X  is the Biot number; 0=(T-Tm) / (T0-Tm)  
is the dimensionless temperature; U and V are the longitudinaI and transverse dimensionless velocity com- 
ponents, respectively; U 0 is the dimensionless velocity of the unperturbed gas flow; P =p/pd 2 is the dimension- 
less pressure;  # =/~ T/~ T o is the dimensionless dynamic viscosity coefficient; E T x = E~ a/~ (T0-T~) 4 is the 
dimensionless energy density of the radiation from an absolutely black body; qx is"the di~ensionles's " radiation 
flux; qTis the dimensionless flux of heat transported by conduction; qn =qT+q is the dimensionless net heat 
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flux; ~ and } a r e  the t r a n s v e r s e  and longitudinal d imens ion less  coordinates ,  r e spec t ive ly ;  I k (s) is the intensi ty  
of the radia t ion  propagat ing  in the d i rec t ion  s; E~ and E~ a r e  the su r f ace  dens i t ies  of the opposed radia t ion 
fluxes propagat ing  in the pos i t ive  and negat ive d i rec t ions  of the normal  to the bounding sur face ;  T is the ab-  
solute t e m p e r a t u r e ;  T o is the a v e r a g e  t e m p e r a t u r e  of the liquid a t  the c r o s s  sec t ion  x = 0; T m is the t e m p e r a -  
ture  of the surrounding medium;  eX is the degree  of b lackness  of the plate;  n X is the index of re f rac t ion;  p is 
the densi ty  of the m a t e r i a l ;  r X is  the ref lec t ion  coefficient;  Cp is the specif ic  heat  at  constant  p r e s s u r e ;  X is 
the the rma l -conduc t iv i ty  coefficient;  d is the ra te  of m o v e m e n t  of plate 2 (Fig. 1); l is the dis tance f rom the 
leading edge; v is the k inemat ic  v i s r  coeff icient ;  E~  ~ is  the ene rgy  densi ty  of the radia t ion f rom an ab-  
solu te ly  black body; a is the th ickness  of the l aye r  of hqutd; nX xs the volume absorp t ion  coeff icmnt  of r ad i -  
ation; p is  the p r e s s u r e ;  c X is  the speed of light; u X is the volume ene rgy  densi ty  of the radiat ion;  ~ is the heat  
t r a n s f e r  coefficient;  a is  the S t e f a n - B o l t z m a n n  constant;  c is the gr id  function; h is the grid spacing; and BX is 
the s ca t t e r i ng  coeff icient .  

Quanti t ies  r e f e r r i n g  to the liquid a r e  m a r k e d  by the index 1, and those r e f e r r i n g  to the gas by the index 2. 

The phys ica l  model  employed  is p r e sen t ed  in Fig. 1. A l aye r  of highly v i scous  liquid is contained be-  
tween the fixed pla te  1 and the pla te  2, which is moving a t  constant  veloci ty .  Gas  i r r ad ia t ed  f rom outside by a 
t he rma l  radia t ion  flux having a wavelength-dependent  dens i ty  flows around pla te  2. 

It  is n e c e s s a r y  to ca lcula te  the d is t r ibut ion of the t e m p e r a t u r e s ,  ve loci t ies ,  and t h e r m a l  fluxes in the 
liquid and the gas.  

The p r o b l e m  was so lved  on the assumpt ion  of the va l id i ty  of the hypothesis  of the rmodynamic  equi l ibr i -  
um. P la te  2 was a s s u m e d  to be t r a n s p a r e n t  and infinitely thin. The radia t ion f luxes were  a s s u m e d  to be lo-  
ca l ly  uni form.  The dependence of the dynamic  v i s c o s i t y  coeff icient  of the liquid on the t e m p e r a t u r e  was de-  
s c r ibed  by the exponential  fo rmula  

.ttT := exp 6000/T. 

All the r emain ing  phys ica l  p r o p e r t i e s  were  a s s u m e d  to be independent of t empe ra tu r e .  The motion of the l iq- 
uid was a s s u m e d  to be l aminar ,  and the motion of the gas was cons idered  fa r  f r o m  the leading edge. P la te  1 
gives off heat  to i ts  sur roundings  in accordance  with Newton's  law. 

Following [5] in the calculat ion of the va lues  of  the radia t ion fluxes,  we mult ip ly  the equation of t r a n s f e r  
for  spec t r a l  rad ia t ion  by cos (s, y)dws, and in tegra t ing  over  the l imi t s  of spher ica l  solid angle 4~r, we obtain 
an e x p r e s s i o n  for  the t r a n s v e r s e  component  of the radia t ion  flux vec to r  

where  

q~j,z = --  [Az/(x~. -:-' 6~.g~.) l(O/Oy)(czuz), 

A~ 

S 0I~ (S) cos(s, y) d(a s 
Os (~) 
S OIL (S!d(o 

Oy s 
(~) 

(1) 

In the case  of a x i s y m m e t r i c  sca t t e r ing  ind iea t r i ces  

i 5z = t - -  -~  .~ ?z (0) sin 2~d~. 
0 
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D i f f e r e n t i a t i n g  the r a d i a t i v e  e n e r g y  c o n s e r v a t i o n  equa t ion  with  r e s p e c t  to y, we obta in  

02qy,;./Oy "- = -- z;.O (c~,u~,)/Og + 4n~•176 (2) 

Using  Eqs .  (1) and  (2), we a r r i v e  a t  a d i f f e r e n t i a l  equa t ion  with r e s p e c t  to the v a l u e s  of  the r ad ia t ion  

fluxes 

O'qy,;./ g- [x;. (x;. + 6;.[~z)/A~.] q~,~. -~ 4xzn~.OE ,x/OY, . (3) 

It  i s  n e c e s s a r y  to s u p p l e m e n t  Eq. (3) wi th  bounda ry  condi t ions .  Le t  n be the n o r m a l  to the bounding s u r -  
f a c e  which  is  i n t e r n a l  with r e s p e c t  to 'the e m i t t i n g  v o l u m e ;  then 

q~,;. == [0 I~(s)  n&% = E ~ - -  E~.,  (4) 
(i.~) 

(~'~) (E2 + E~-). (5) c~.u~. = I'j.(s) do  s = j" I z. (s)Icos (~,', n)l a% 
(. 

( ~ )  (4.~) 

If the t e m p e r a t u r e  and the r a d i a t i v e  p r o p e r t i e s  of  the bounding s u r f a c e  a r e  Specif ied,  then 

E ~ =  2 ~n~E~,~. + (I - -  e;.) E~.  (6) 

Upon the s p e c i f i c a t i o n  of  the inc iden t  r ad i a t ion  dens i ty  a t  the bounda ry  of  the s y s t e m  
0 

E~ = (1 - -  r;.) Ex,inc �9 (7) 

Us ing  Eqs .  (4)-(7) and the r a d i a t i v e  e n e r g y  c o n s e r v a t i o n  equat ion,  we obta in  the fo l lowing boundary  c o n -  
d i t ions  fo r  the d i f f e r en t i a l  equa t ion  (3): 

w h e r e  

' I  I \ i r " o 4n2E~ 
= n;.EL~. ; T~ - -  ~2 ) q',;" ~n 2x~,m ~ 2 m k 

1 Oqn.~. 0 4n~E~ 
- -  f qn,~. x~/n x o~- = 2 (1 - -  rz) E;.,inc m;. 

Ill h 
I L (s) ]cos (s,  n)[ dw s 

(~) 

In the case of an isotropie radiation field AA = 1/3, mx= 2. Using these values of the coefficients, ne- 
glecting scattering of the radiative energy, and changing over to dimensionless variables, we obtain the equa- 

tions of differential approximation [6] for calculation of the values of the radiative fluxes in the physical model 

under discussion: 

02q~/Oq ~ - -  3 Bu~q~ = 4 Bu~n2OE~,~/O~l; (8) 

(i/s;~-- t/2)q~ - -  (l/4Bu.~)Oqa/Oq = 0 (11 = 0); (9) 

(t/2) % + (1/4 Bu;,) Oq;./O~l = n~E,,~. - -  (t - -  r~.) E~,inc 01 = 1). (!0) 

The  t h e r m a l  e n e r g y  c o n s e r v a t i o n  equa t ions ,  which  a r e  s e t  up tak ing  accoun t  of  the hea t  t r a n s f e r  by r a -  
d ia t ion,  convec t ion ,  and  t h e r m a l  conduct ion ,  a r e  of  the f o r m  

f o r  the l i q u i d  

fo r  the  gas  

BolU~O0110~-- ( l l Iw t )O20 /Oq  2 + c?q/Oq = O; 

Bo,:U2OOJO~ + Bo2 V2OO,,/Oq - -  (i/Iw~)0:0o/0~l ~ = 0. 

Eqs .  (11) and (12) a r e  c o n s t r a i n e d  by the fol lowing bounda ry  condi t ions :  

a t  p l a t e  1 (t/= 0) 

O0/Orl - -  l w , f f  = B i , 0 , :  

(1t) 

(12) 

(13) 
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at plate  2 (~ = I) 

Ot = 0~; (14) 

#Ot,/~gq = (lwt./iw._,)902'Oq; (15) 

a t  the outer  boundary of the gas  (r/--- ~) 

In Eqs. (11) and (13) 

OO:z./C3rl = 0. (16) 

q = I q~.dL. (17) 
b 

The equations of mot ion and the boundary conditions for  them a re  wri t ten 

Re OP/O~ = (O~tlO~l)OU/~l + [tr)~U,/O~l"-; (18) 

Ulln=o = O, UI{ n=' = t (19) 

for the liquid and 

U., = Uo/'bl*), v._, -- o,51/-[Uo~,/di~a + t)l(n*l' - 1); 

~l* = (~1 - l)al / Uod/v(~a + t); 

2f ' "  + If" = O; (20) 

f = O, f '  == i /U o when l l*  = O, (21) 

f '  = i when !1" --~ C~ (22) 

for  the gas.  

The s y s t e m  of Equat ions (8)-(19) was  solved by the method of finite d i f fe rences  and i te ra t ions .  A v a r i -  
able  g r id  which c o m p r e s s e s  near  the p la tes  is  used. The f i r s t  and second de r iva t ives  were  approx imated  by 
the d i f fe rence  r e l a t ions  

cn~ = (ci+~ - -  ci)/h~; 

cnn,t = (i//h) [(c~+1 --  c~)/h~ --  (c~ --  c i -O/h~-d ,  

respectively, where 

hi = 0,5 (h~ § h~-0. 

The parabolic equations (ii) and (12) and the boundary conditions (13)-(16) for them were approximated by a 
double- leve l  impl ic i t  d i f fe rence  scheme.  The s y s t e m s  of f in i te -d i f fe rence  equations obtained in this way were  
solved at each i t e ra t ion  by the sweep method.  The boundary-va lue  p rob l ems  (20-22) was reduced with 
the help of the method sugges ted  in [7] to a Cauchy p r o b l e m  and was solved by the R u n g e - K u t t a  method. 

The wavelength dependence of the volume radiat ion absorpt ion  coeff icient  of the liquid used  in the ca l -  
culat ions is shown in Fig.  2 and c o r r e s p o n d s  to the absorp t ion  coeff ic ient  of mol ten  window glass  [8]. The en-  
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TABLE 1 

I Wavelength interval, g t 1,0--1.2 1,2--2.0 .... 9 o__._') ', 2,4--2.65 2.65--2,8 _.8--.,.09 o 
Ei ~ersion 1 [ 0.5 4.4 &5 I).2 I.I,2 0 . 2  

/version 2 I 1.5 0,5 o.5 3,0 2,5 2,0 

tire spectrum was broken up into a number of intervals 
coefficient was averaged according to the formula 

l 
7*v*= ~x~ i 

Ak i (i = i, 2, ..., 6), in each of which the absorption 

J 
Ak i 

The resul t s  of the calculation of the t empera tu res  and thermal  fluxes for two vers ions  of the spectra l  
composit ion of the incident radiat ion flux a re  presented  in Figs.  3-5 [a) f i r s t  vers ion;  b) second version] .  The 
quantities 

Ei = ,i (1 - -  r;.) E;,Anc d% 
AL i 

for  each vers ion  a re  presented  in Table i (the integrated density of the t ransmi t ted  radiation E = S E I  was 
i 

kept unchanged). The remaining p a r a m e t e r s  had the following values:  

Bo, = 350; B% = 36; Iw, = 10; lw~-- 307; 
Re = t.0; OP/O~ = --6.0; Bi = 1,5; T O -- 1300 "K i 

Tin= 300 *K; d = 5.0m/sec;U o = t0; 
a =: 0.5m; 1 = 100m. 

The re f rac t ive  index of the liquid and the degree of blackness of the plate were assumed to be indepen- 
dent of wavelength and equal to n = 1 and e = 0.1, respect ively.  

The sharp decrease  in the net thermal  flux at  the surface of the liquid upon the shift f rom the shor t -  
wavelength to the long-wavelength region of the spec t rum of the maximum of the radiat ive energy penetrating 
into the liquid (see Fig. 3) draws attention to itself. This situation is explained in the following way. Heat r e -  
lease to the liquid depends on the rat io of hvo radiation fluxes: that incident f rom outside andtha t  emitted by 
the liquid itself. The liquid absorbs  thermal  radiation s t rongly in the long-wavelength region; therefore,  in 
the second vers ion  only a thin surface layer  of the liquid is heated up whose tempera ture  rapidly increases  
(see Fig. 4b, solid curves).  The energy  absorbed by the surface is f reely  re rad ia ted  into the gaseous medium, 
and the net heat flux dec reases .  A more  uniform heating of the liquid occurs  in the f i r s t  vers ion  (see Fig. 4a, 
solid curves),  since the liquid is re la t ive ly  t ransparen t  in the short -wavelength region of the spect rum and the 
thermal  radiation reaches  deep layers .  The energy r e - e m i t t e d  by them is shielded by the upper layers ,  which 
resul t s  in a dec rease  in the outflow of thermal  radiation f rom the liquid, and consequently to an increase  in 
the heat  re lease .  

Thus, byvary ing  the spect ra l  composit ion of the incident radiation flux it is possible ei ther  to intensify 
the heat re lease  to the liquid or  to use it as a radiation screen.  

We note that although the heating of the liquid occurs  f rom above, the t empera tu re  at the surface turns 
out to be lower than at some depth (see Fig. 4a, b). A s imi la r  t h i n  cooled layer  is detected at  the surface of 
the ocean and is cal led the cold fi lm [1]. The heat fluxes t r an s f e r r ed  both by radiation and by molecular  con-  
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duction (the solid and dashed curves, respectively,  in Fig. 5a, b) affect the formation of the cold film in the 
physical model under discussion. The absorption of radiative energy in the deep layers  of the liquid predom- 
inates over its emission in the f irs t  version of the calculation (0q/0~ < 0, Fig. 5a). The upper layer of the liq- 
uid emits thermal energy freely, and starting at some temperature,  the emission exceeds the absorption (aq/ 
07 > 0 near the surface, Fig. 5a). The indicated situation results in a decrease in the temperature of the upper 
layer  of the liquid in comparison with the temperature  of the deep layers .  The subsequent heating of the sur-  
face is ca r r ied  out only by molecular  conduction from the lower-lying layers of the liquid and from the gas 
(the quantities qT and 0qT/0V change their  sign upon approaching the surface, Fig. 5a). As a result  of the 
conductive outflow of heat to the liquid, the temperature  in the surface layer  of the gas becomes lower than 
the temperature  of the undisturbed gas flow (the dashed curves in Fig. 4a). In the second version the principal 
portion of the energy of the incident radiation is absorbed by a thin surface layer of the liquid whose tempera-  
ture increases  and becomes higher than the temperature of the advancing gas flow. 

In connection with this circumstance a conductive outflow of heat from the liquid to the gas begins which 
results  in the formation of a cold film. A change in the sign of the conductive component of the thermal flux 
causes the formation of thermal waves in the surface layer of the gas (dashed curves in Fig. 4b). The deep 
layers  of the liquid, having attained a specified temperature,  begin to lose thermal energy by emission (Oq/ 
a~? >0, Fig. 5b), and their subsequent heating is accomplished by the conductive supply of heat from the hot 
surface layers.  
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